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Abstract
We construct a series of not residually finite groups of intermediate growth. In particular we
construct groups of intermediate growth that are not commensurable up to finite kernels with any
residually finite group. Also we show that certain properties of groups, among those solvability of
the word problem and the property of having torsion of unbounded order, are not weakly geometric.
The argument is based in particular on studying commensurability up to finite kernels.
 2004 Elsevier Inc. All rights reserved.
Keywords: Growth of groups; Residual finiteness; Word problem; Commensurability up to finite kernels;
Quasi-isometry
1. Introduction
Consider a finitely generated group G, let S = (g1, g2, . . . , gn) be a finite generating set
of G, lS and dS be the word length and the word metric corresponding to G. Recall that
the growth function of G,S is
vG,S(n)= #
{
g ∈G: lS(g) n
}
.
Note that if S1 and S2 are two sets of generators of G, then there exist K1,K2 > 0
such that vG,S1(n)  vG,S2(K2n) and vG,S2(n)  vG,S1(K1n) for any positive integer n.
A group G is said to be of polynomial growth if for some A,d > 0 vG,S(n)  And for
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for some K > 1 and any positive integer n. Obviously, the property to have exponential
or polynomial growth does not depend on the set of generators chosen. It is known that
a group has polynomial growth if and only if it is virtually nilpotent [11]. It is known
that any solvable or linear group has either polynomial or exponential growth (for solvable
groups see [21,27], for linear groups see [25]). First examples of groups of intermediate
(not polynomial and not exponential) growth were constructed by R.I. Grigorchuk in [6].
Among these groups is so-called first Grigorchuk group. We denote this group by Gfirst.
Below we list some known properties of this group.
• Gfirst is an infinite 3-generated 2-group. For any g ∈Gfirst there exists a positive integer
ng such that
g2
ng = e,
where e is the identity element [4].
• Gfirst is of intermediate growth. Moreover, there exist 1/2< α < β < 1 such that for n
large enough
en
α  vGfirst,S(n) en
β
[6,18].
• Gfirst is recursively presentable (this is stated by Grigorchuk in [4], while the explicit
presentation is due to Lysionok [19]). But this group is not finitely presented [7].
• The word problem in Gfirst is solvable (this is announced in [4] and proved in [5]).
We will also need the following property, proved in [7]. The second homology group of
Gfirst
H2(Gfirst,Z) (Z/2Z)∞.
Here (Z/2Z)∞ denotes the infinite direct sum of (Z/2Z).
In this paper we construct a series of examples of not residually finite groups of
intermediate growth. This gives a negative answer to a question formulated in [1] (see
also [8] and Question VI.64 in [15]). However, it is clear that any group of polynomial
growth is residually finite.
Recall that two groups A and B are called commensurable (A∼C B) if there exists a
group G and a diagram
A←G→ B
with arrows injective of cofinite image.
Two groups A and B are called commensurable up to finite kernels (A∼FK B) if there
exists a group G and a diagram
A←G→ B
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Recall that a map φ :X→ Y (X,Y are metric spaces) is called quasi-isometry, if there
exists A,B > 0 such that for any x1, x2 ∈X
1
A
dY
(
φ(x1),φ(x2)
)−B  dX(x1, x2)≤AdY (φ(x1),φ(x2))+B
and if Y lies at bounded distance from φ(X). Two groups A and B are called quasi-
isometric (A ∼QI B) if there exists a map from A to B which is a quasiisometry with
respect to the word metric in A and B .
It is easy to check that commensurability, commensurability up to finite kernels and
being quasi-isometric are equivalence relations.
Clearly, A∼C B implies A∼FK B , and A∼FK B implies A∼QI B .
Recall that a group A is called quasiisometrically rigid if A∼QI B implies A∼C B for
any group B .
We say a group A is weakly quasiisometrically rigid if A∼QI B implies A∼FK B for
any group B .
Obviously, if the group is quasiisometrically rigid then it is weakly quasiisometrically
rigid.
Recall that a group property P is called geometric if for any G1 satisfying P and any
G2 ∼QI G1 there exists G3 such that G3 ∼C G2 and G3 satisfies P .
We say that a property P of groups is weakly geometric if for any G1 satisfying P and
any G2 ∼QI G1 there exists G3 such that G3 ∼FK G2 and G3 satisfies P .
Clearly, if P is geometric, then it is weakly geometric.
For certain groups (e.g., for the free Abelian group G = Zk or for the free group
G= Fm) their commensurability up to finite kernel class coincides with their commensu-
rability class. However, for some groups G (for example for the wreath product G= Z Z
or for the first Grigorchuk group G=Gfirst) there exist groups which are commensurable
up to finite kernels with G but not commensurable with G, as will be shown below.
This fact is crucial for our construction of not residually finite groups of intermediate
growth, as well as for the study of non-geometricity of certain group properties.
The following properties of groups:
• amenability,
• being finitely presentable,
• being hyperbolic
are preserved both by commensurability and commensurability up to finite kernels.
Moreover, the properties mentioned above are geometric (for the amenability the
geometricity follows immediately from the Foelner criterion, for the property of being
finitely presentable this is straightforward [13], see [10] for the hyperbolicity, [12] and [13]
for further properties).
Certain properties of groups, e.g.,
• being Abelian,
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• being free
are obviously not preserved by commensurabilty, nevertheless all these properties are
geometric (for nilpotency this follows from the polynomial growth theorem [11], for the
other properties see [13], see also [26] for the property of being free).
Some properties of groups are known to be non-geometric (e.g., being simple [2],
solvability or the property of being torsion-free [3]). It is obvious that all these properties
are not preserved by commensurability.
We say that a group G has torsion of bounded order if there exists N such that gN = e
for any g ∈ G. Note that unlike the property of being torsion-free the property to have
torsion of bounded order is preserved by commensurability and even by commensurability
up to finite kernels. We prove that this property is nevertheless non geometric. This
strengthens a result of the author from [3] and gives a negative answer to a Question IV.36
in [15].
This paper has the following structure.
In Section 2 we show that there exists a continuum of groups that are commensurable
up to finite kernels with Gfirst but not residually finite. As a corollary we get that the group
Gfirst is not quasi-isometrically rigid. We also construct groups of intermediate growth that
are not commensurable up to finite kernels with any residually finite group.
In Section 3 we show that there exists a continuum of groups that are commensurable
up to finite kernels with the wreath product Z  Z. We also check that certain properties of
groups, among those solvability of the word problem, are not preserved by commensura-
bility up to finite kernels. In particular, these properties are not geometric. We prove also
that solvability of the word problem is not a weakly geometric property. Note that, how-
ever, solvability of the word problem is a geometric property inside the class of finitely
presented groups. In fact, a finitely presented group has solvable word problem if and only
if its Dehn function is bounded from above by a recursive function, and the latter property
is clearly a quasi-isometric invariant.
In Section 4 we show that a torsion-free group can be quasi-isometric to a group that
has torsion elements of unbounded order (and, consequently, the property of having torsion
elements of unbounded order is not weakly geometric).
2. Central extensions of the Grigorchuk group
Let C(G) denote the center of the group G.
The main result of this section is the construction of not residually finite groups of
intermediate growth.
First we need to state some auxiliary results about central extensions.
Proposition 1. Let G be a finitely generated group such that C(G)= (Z/pZ)∞ for some
prime p.
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equal to p and such that G/C is non residually finite. In particular, there exist a
continuum of finite central extensions of G/C(G) that are not residually finite.
(2) There exist an infinite index subgroup C ⊂ C(G) such that for any C′ = C(G) such
that C ⊂ C′ ⊂ C(G) the quotient group G/C′ is not residually finite.
Proof. (1) Let a0, a1, . . . , ai, . . . generate C(G) in such a way that any c ∈ C(G) can be
written in a unique way as a finite sum
c= c0a0 + c1a1 + · · · + ciai + · · · + csas,
where ci ∈ Z/pZ. Let G = F/R where F is a finitely generated free group, π : F → G
is the canonical projection. It holds π−1(e) = R. Let us enumerate all the subgroups of
finite index in F that contain R: R1,R2,R3, . . . . Clearly, we can do this, since there exist
at most countably many such subgroups, since F contains countably many of subgroups
of finite index. Note that since R ⊂ Ri , the group F/Ri is a quotient of G. Denote by
πi :G→ F/Ri the corresponding projection.
Let us construct two sequences of positive even numbers x1, x2, x3, . . . and y1, y2, y3, . . .
with the three following properties.
(1) For any i = j one has xi = xj , yi = yj , xi = yj , yi = xj .
(2) For any i it holds xi = yi .
(3) πi(axi )≡ πi(ayi ) in G/Ri .
Let us check that such sequences do exist. In fact, suppose that we have constructed
xi, yi with the properties above for any i < N , N  1. Put M = max{xi, yi} where the
maximum is taken over all 1  i < N . We know that F/RI is finite and hence there
exist A,B M + 2 such that A, B are even and πN(aA) and πN(aB) that are equal in
F/RI . Clearly, we can put xI = A and yI = B , and thus construct xi, yi by the induction
procedure.
Now consider the subgroupC′ of C(G) that is generated by the elements a0−axi +ayi ,
i ∈ N. Note that the projection of a0 is not equal to 0 in C(G)/C′ and that C′ has
infinite index in C(G). Note that there exists a continuum of subgroups C such that
C′ ⊂ C ⊂ C(G) and such that the projection of a0 is not equal to 0 in C(G)/C. In fact,
we can consider U = C′,V = C and W = C(G) as vector spaces over Z/2Z. Then v = a0
is a vector in W , v /∈ U . U has infinite codimension in W , since a2, a4, a6, . . . are linearly
independent in W/U . This implies that there exist a continuum of V ⊂W of codimension
1 in W and such that v /∈ V . The last property means that C is of index p in C(G) and that
a0 has non-zero projection in C(G)/C.
Take any C such that C′ ⊂ C ⊂ C(G) and such that a0 = 0 in C(G)/C. For the proof
of the proposition it is sufficient to show that in this case G′ =G/C is not residually finite.
Let πC :G→G′ be the projection of G to G/C. Consider a homomorphism φ :G′ →H ,
where H is a finite group. We want to show that φ(a0) = eH , where eH is the identity
element of H . Note that π−1(π−1(Kerφ)) is a finite index subgroup of the free group F .C
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some i . But then in F/Ri and hence a0 ≡ axi − ayi ≡ eH in H , that is φ(a0)= eH .
(2) Now we prove the second part of the proposition. Consider countably many
sequences of positive integer numbers such that their disjoint union is equal to N, that
is N= {nij , i, j ∈N}.
Let Ci be the subgroup of C(G) generated by anij , j ∈ N. Clearly, C(G) is the direct
sum of these subgroups
C(G)= C1 +C2 +C3 + · · · .
Similarly to the proof of the first part of the proposition we can chose a subgroup C˜i
such that C˜i is of index p in Ci , Ci/C˜i is generated by the image of ani1 in this group and
for any C′ ⊂ C(G) such that ani1 /∈C
′ the quotient group G/C′ is not residually finite.
Put
C = C˜1 + C˜2 + C˜3 + · · · .
Clearly, C is of infinite index in C(G) and C(G)/C is generated by ani1 , i ∈N.
Note that for any C′ = C(G), C′ ⊂ C(G) there exists i such that ani1 /∈ C
′
. This implies
that G/C′ is not residually finite. ✷
In the sequel (Z/pZ)∞ denotes the infinite direct sum of (Z/pZ).
Lemma 1. Let
0→A→B→C→ 0
be a short exact sequence of Abelian groups such that A = (Z/pZ)∞ for some prime p
and C is finitely generated. Then B/pB  (Z/pZ)∞ .
Proof. For any x ∈ B/pB one has px = 0, and hence B/pB = (Z/pZ)n, where n is
a non-negative integer number or n =∞. Let us prove that n =∞. Suppose not. Take
b1, b2, . . . , bn that generateB/pB . Choose b˜1, b˜2, . . . , b˜n in B such that b˜i ≡ bi (mod pB).
Take c1, . . . , ck which generateC and choose c˜1, c˜2, . . . , c˜k in B such that c˜j ≡ cj (modA).
Note that pc˜j generate pB because pA = 0. Hence b˜1, b˜2, . . . , b˜n, c˜1, c˜2, . . . , c˜k genera-
te B . But this is impossible, since B contains as a subgroup A = (Z/pZ)∞ , and thus B
can not be finitely generated. This contradiction shows that n=∞. ✷
Lemma 2. Let G˜ be a finitely generated group such that C(G˜)= e and
H2
(
G˜,Z
) (Z/pZ)∞,
for some prime p. Then there exists a finitely generated group G such that C(G) =
(Z/pZ)∞ and G/C(G)= G˜.
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subgroup of G. Put G1 = F/[F,R] and G=G1/pC(G1). Since C(G)= C(G1)/pC(G1)
and G/C(G)= G˜, it is sufficient to show that C(G1)/pC(G1)= (Z/pZ)∞ .
Note that C(G1)=R/[R,F ]. Put
A= (R ∩ [F,F ])/[R,F ].
Clearly, A is a subgroup of C(G1) and by the Hopf’s formula ([17], see also [22]) we know
that
A= (R ∩ [F,F ])/[R,F ] =H2(G˜,Z)= (Z/pZ)∞.
Observe that
C(G1)/A=
(
R/[R,F ])/((R ∩ [F,F ])/[R,F ])= (R/(R ∩ [F,F ]))/[R,F ].
Note also that R/(R ∩ [F,F ]) is a subgroup of F/[F,F ] and F/[F,F ] is a finitely
generated free Abelian group. Consequently, R/(R ∩ [F,F ]) is finitely generated. Hence
C(G1)/A is also finitely generated. Therefore we can apply Lemma 1 to A, B = C(G1)
and C = C(G1)/A and see that
C(G1)/pC(G1)= (Z/pZ)∞. ✷
Theorem 1.
(1) There exists a continuum of non residually finite groups G such that G∼FK Gfirst.
(2) There exist an infinite central extension G of Gfirst such that G is not commensurable
up to finite kernels with any residually finite group and the growth function of G
satisfies
vG,S(n) 2nvGfirst,S(n)
for any sufficiently large n.
Proof. Since
H2(Gfirst,Z) (Z/2Z)∞
[7], we can apply Lemma 2 to G˜=Gfirst and obtain a groupG such that C(G)= (Z/2Z)∞
and G/C(G) = Gfirst. To complete the proof of the first statement we apply the first
part of Proposition 1 to G. Note that among continuum of groups, constructed using this
proposition, there is a continuum of non-isomorphic ones. In fact, each group can appear
at most countably many times among these groups.
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we know that there exists an infinite central extension H of Gfirst such that
C(H)= (Z/2Z)∞
and for any C ⊂ C(H) such that C = C(H) the quotient group H/C is not residually
finite.
Then if C is of infinite index in C(H) the quotient group H/C is not commensurable
with any residually finite group (since if a group A is commensurable up to finite kernels
with some residually finite group, there exists a finite central subgroup A1 of A such that
A/A1 is residually finite).
We want to show that there exist an infinite index subgroup C of C(H) such that the
growth function of the group G=H/C satisfies
vG,S(n) 2nvGfirst,S(n)
for any sufficiently large n.
Let C(H) be freely generated by h1, h2, h3, . . . as a vector space over Z/2Z.
Let Hi be the subgroup of C(H) generated by hn, n = i and Gi =H/Hi . Note that
lGi (hi)→∞
as i→∞.
(In fact, for any word u in the generators of H there is at most finitely many i such
that hi ≡ u in Gi . This is because if this happens at least for one i then in H the word u
represents an element of C(H). Suppose that u≡∑hiαi in H , αi is equal to 0 or 1. Then
if u≡ hi in Gi , then αi = 1.)
Consider a sequence j1, j2, j3, . . . such that
lGji
(hji ) 10lH (hji−1)
for any i > 1.
Put C = {hj , j = ji} and G=H/C.
Note that for each i
lG(hji ) lGji (hji ) 10lH (hji−1) 10lG(hji−1).
(In particular, lG(hji ) 10i−1.) This implies that if h=
∑
δihji , δi is equal to 0 or 1, and
δi = 1 for some i > ln(n), then
lG(h) 10ln(n)−1  n,
for any n 10.
Hence the number of elements h ∈ C(G) of length at most n in G is not greater than
2ln(n)  n. This implies the desired upper bound for the growth function of G. ✷
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that if there is a continuum of non-isomorphic groups that are commensurable up to finite
kernels with a given group G, then there is a continuum of non-isomorphic non residually
finite groups that are commensurable up to finite kernels with G. This follows from the fact
that if G1,G2 are residually finite and G1 ∼FK G2 then G1 ∼C G2 [15] and from the fact
that there are at most countably many groups that are commensurable with a given one.
Corollary 1. There exist non residually finite groups of intermediate growth. There exist
groups of intermediate growth that are not commensurable with any residually finite
groups.
Proof. The first statement follows from the first part of Theorem 1, the second statement
follows from the second one. ✷
Corollary 2. There is a continuum of groups that are commensurable up to finite kernels
with Gfirst but not commensurable with Gfirst. In particular, Gfirst is not quasi-isometrically
rigid.
Proof. It is sufficient to note that any group that is commensurable with residually finite
group is itself residually finite. (See also the remark above.) ✷
Question. Is Gfirst weakly quasi-isometrically rigid?
The group Gfirst possesses certain rigidity properties as was shown in [9].
Corollary 3. Solvability of the word problem is not a geometric property.
Proof. It is sufficient to note that any group that is commensurable with a group having
solvable word problem has solvable word problem. Alternatively, one can note that there
exist countably many groups with solvable word problem. ✷
In the next section we give more simple and explicit examples of this kind and discuss
related questions about solvability of the word problem.
The following corollary is well known (see [15], for more on this see [16,23,24]).
Corollary 4. The property of being residually finite is not preserved by the commensura-
bility up to finite kernels. This property is not geometric.
Proof. It follows from the theorem since any group commensurable with a residually finite
group is itself residually finite. (See also the remark after Theorem 1.) ✷
3. Wreath products and a construction of Philip Hall
In the previous section we have already seen that the solvability of the word problem
is not a geometric property. In this section we give explicit examples of such a kind. We
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weakly geometric. At the end of the section we discuss related questions for groups which
are commensurable up to finite kernels.
First we recall the definition of the wreath product.
Definition. Let A, B be groups. The wreath product of A and B is a semidirect product
of A and
∑
A B , where A acts on
∑
AB by shifts: if a ∈ A, f :A→ B,f ∈
∑
A B , then
af (x) = f (xa−1), x ∈ A. Let B  A denote the wreath product. (Some authors use the
notation A B instead of B A in this case.)
Remark. Let g1, . . . , gn generate A and h1, . . . , hm generate B . Then B  A is generated
by g′i = (gi, e), h′j = (e,hej ), where hej :A→B is such that hej (e)= hj and hej (y)= e for
y = e. We say that this set of generators is the standard set of generators for B A.
Recall the following construction due to Ph. Hall [14].
Let B0 be a free nilpotent group of degree 2 with a free generating set {bi, i ∈ Z}. Put
ci,j = [bi, bj ] and consider the following group
B1 = 〈B0 | ci+k,j+k = ci,j , i, j, k ∈ Z〉.
The map bi → bi+1 defines an automorphism of B1. Consider the corresponding extension
GHall =
〈
B1, a | a−1bia = bi+1
〉
.
Note that C(GHall)= Z∞. In fact, putting di = ci,0, we see that d0 = e, d−i = d−1i and that
C(GHall) is freely generated (as an Abelian group) by di , i ∈N. Note also that
GHall/C(GHall)= Z Z.
We will need a group G2Hall =GHall/2C(GHall). Clearly, C(G2Hall)= (Z/2Z)∞ and
G2Hall/C
(
G2Hall
)= Z Z.
Now we introduce groups which are quotients of the Hall group over central subgroups.
For any set of positive integer numbers I ⊂N define the group GI by
GI =
〈
G2Hall, di = d1 for i ∈ I , dj = e for j /∈ I
〉
.
Obviously, GI is a central extension of Z  Z with finite kernel. If 1 ∈ I , then this kernel
contains two elements (otherwise GI = Z  Z).
In the following proposition we list several simple properties of GI .
Proposition 2.
(1) G{1} is non residually finite.
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(3) If I is non recursive and 1 ∈ I , then the word problem is not solvable in GI .
Remark. Groups GI are similar to the group from [20], where an example of a solvable
residually finite group with the unsolvable word problem was constructed.
Proof. (1) and (2). It is sufficient to show that any subgroup of finite index in G{1} con-
tains d1. To see this it suffices to prove that any normal subgroup of finite index in G{1}
contains d1.
Suppose that G{1}/A is finite for some normal subgroup A of G{1}. Note that there
exists N > 1 such that aN = e in G{1}/A. Then
bN+1 = a−N−1b0aN+1 ≡ a−1b0a1 = b1
in G{1}/A. Hence
dN+1 = [bN+1, b0] ≡ [b1, b0] = d1
in G{1}/A. But dN+1 = e in G{1}. So we have proved that d1 belongs to any normal
subgroup A of G{1}.
(3) Suppose that the word problem is solvable in Gi . Apply the algorithm that solves
the word problem for the word w(a,b0)= [a−ib0ai, b0]. Since
di ≡ [bi, b0] ≡
[
a−ib0ai, b0
]
,
in GI , w is equal to the identity in GI if and only if i does not belong to I . Hence
if the word problem is solvable, then N \ I is recursive. Consequently, in this case I is
recursive. ✷
Corollary 5. The property of being virtually torsion-free is not preserved under commen-
surability up to finite kernels.
Proof. It follows from the statement (2) of Proposition 2. ✷
In fact, the property of being virtually torsion-free is not only non-geometric, but even
not weakly geometric, as follows from the examples of [3].
Among other properties of groups that are not preserved under commensurability up to
finite kernels is the property of being simple (see [15] and references therein). Moreover,
simplicity is not weakly geometric, since there is an example of a virtually simple group
that is quasi-isometric to the direct sum of free non-Abelian groups [2]. Any geometric
property (e.g., the property of being virtually Abelian, virtually nilpotent, virtually free,
finitely presented) is preserved under commensurability up to finite kernels. In the next
section we will see that the property to have torsion of bounded order is preserved under
commensurability up to finite kernels but it is not weakly geometric.
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In order to prove the theorem we need to state the following lemmas.
Lemma 3. If G has solvable word problem, then G Z has solvable word problem.
Proof. Note that there is an algorithm that to any word w representing an element of G Z
assigns a pair (a, f ), where a ∈ Z and f is a function with finite support from Z to the
set of words in the generators of G and their inverses. This algorithm also gives a bound
for the support of f , that is a positive integer N such that supf ⊂ [−N,N]. To check
whether w represents the identity of G  Z one has to check whether a = 0 and whether
f (i) represents the identity of G for all integers i such that −N  i N . ✷
Lemma 4. Consider a finitely generated group G. If the word problem in G is unsolvable,
then G  Z is not commensurable up to finite kernels with a group that has solvable word
problem.
Proof. Assume that a group H is commensurable up to finite kernels with G Z. Note that
there exists a subgroup H1 in H that is commensurable up to finite kernels with
∑
Z
G,
since
∑
Z
G is a subgroup of G  Z.
Note also that if φ :A→∑∞G is a group homomorphism with finite kernel and with
image of finite index in
∑
∞G, then A has a subgroup that is isomorphic to
∑
∞G.
Similarly, if φ :
∑
∞G→ A is a group homomorphism with finite kernel and with image
of finite index in A, then A has a subgroup that is isomorphic to
∑
∞G. Therefore, there
exists a subgroup of H1 that is isomorphic to
∑
∞G.
Consequently, there is a subgroup of H that is isomorphic to G. This implies that if H
has solvable word problem, then G has solvable word problem. ✷
Proof of Theorem 2. In this section we have already proved that there exists a finite central
extension B1 of Z Z, such that the index of Z Z in B1 is equal to 2 and B1 has unsolvable
word problem.
Note that if H is a finite index subgroup of G and k is the index of H in G then
G is bi-Lipschitz-equivalent to H + Z/kZ. Hence B1 is bi-Lipschitz-equivalent to B2 =
Z Z+Z/2Z. (In fact, it is not difficult to see that Z Z+Z/2Z is bi-Lipschitz-equivalent
to Z  Z, but we do not need this fact). By a result of the author from [3] this implies
that B1  Z and B2  Z are bi-Lipschitz-equivalent, and, consequently, quasi-isometric (the
notation for the wreath product in [3] is opposite). Lemma 3 implies thatB2 Z has solvable
word problem. Lemma 4 implies that B1 Z is not commensurable up to finite kernels with
a group having solvable word problem. ✷
The statement of the theorem is in contrast with the following proposition.
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that A and B are commensurable up to finite kernels and that the word problem is solvable
in A. Then the word problem is solvable in B .
Proof. Recall that the word problem is solvable in G if and only if the set of words
representing e in G is recursive. Recall also that G is recursively presentable if and only if
the set of words representing e in G is recursively enumerable.
In the following lemma we summarize simple and probably well-known facts about
finite and co-finite extensions. For convenience of the reader we prove some of these facts.
Lemma 5.
(1) Suppose that H is a finite index subgroup in G. Then G has solvable word problem if
and only if H has solvable word problem.
(2) Suppose that A is a finite normal subgroup in G and H = G/A. If G is recursively
presentable, then H is recursively presentable. If G has solvable word problem, then
H has solvable word problem.
(3) Let A be a finite normal subgroup in G and H =G/A. Suppose that G is recursively
presentable and H has solvable word problem. Then G has solvable word problem.
Proof. (1) The proof is omitted.
(2) For any a ∈A fix a word a′ representing a in G. Put A′ = {a′′ | a ∈A}. Suppose that
G= 〈S | r = e, r ∈R〉.
Then
H = 〈S | r = e, r ∈R, a′ = e, a′ ∈A′〉.
Hence if G is recursively presentable, then H is recursively presentable. Now suppose
that G has solvable word problem. There is an algorithm that decides whether a given word
is equal to e in G. Then for any a′ ∈ A′ there is an algorithm to decide whether a given
word is equal to a′ in G. To complete the proof of (2) it suffices to note the following fact.
A word w is equal to e in H if and only if for some a′ ∈A′ it holds w= a′ in G.
(3) Put Ae = {w = e in G}. The set of words Ae is recursively enumerable. For any
a′ ∈A′ the set Aa′ = {w: w = a′ in G} is also recursively enumerable. Note that
⋃
a′∈A′
Aa′ = {w: w = e in H }.
Hence this union is recursive. If a finite disjoint union of recursively enumerable sets is
recursive, then any of these sets is recursive. Consequently, Ae is recursive and the word
problem is solvable in G. ✷
Now we return to the proof of the proposition. Since A and B are commensurable up
to finite kernels, there exist CA, CB , and C such that CA is a finite index subgroup in A,
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Since A and B are recursively presented, then by the previous lemma CA, CB , and C are
recursively presentable. Since A has solvable word problem, the previous lemma implies
that CA has solvable word problem. And that implies that C has solvable word problem.
Since CB is recursively presented and its quotient over finite subgroup has solvable
word problem, CB has solvable word problem. This yields that the word problem is
solvable in B and completes the proof of the proposition. ✷
Question. Let A and B be finitely generated recursively presented groups. Suppose that A
and B are quasi-isometric and that the word problem is solvable in A. Is it possible that the
word problem is not solvable in B?
4. Torsion of unbounded order
Theorem 3. There exist quasi-isometric groups G1 and G2 such that G1 is torsion-free,
but G2 has torsion of unbounded order. In particular, the property of having torsion of
unbounded order is not weakly geometric.
Proof. First, for any finitely generated group A we construct a finitely generated group
W∞(A) in the following way.
Construction of W∞(A). Put A0 = A and consider groups Ai , i ∈ N that are defined
recurrently: Ai+1 = A  Ai . Note that Ai is canonically embedded in Ai+1 by the map
πi :Ai → Ai+1 that sends g ∈ Ai to (eA, g˜) ∈ Ai+1, where g˜ :A → Ai is such that
g˜(eA)= g and g˜(x)= eAi for any x = eA. Let A∞ be the union
⋃∞
i=0 Ai .
Define recursively embeddings τi :Ai →Ai+1 in the following way. The map τ1 :A1 =
A→A2 =A A maps a to (a, e˜), where e˜ is the identity map from A to A.
The map τi+1 :Ai+1 → Ai+2 maps (a, f ) (a ∈ A, f :A → Ai ) to (a, τi(f )). Here
τi(f ) :A→Ai+1 is the map such that τi(f )(x)= τi(f (x)) for any x ∈A.
Note that τi is a group homomorphism. Note also that any τi commutes with πi and
hence τi define an injective homomorphism τ :A∞→A∞.
Put W∞(A) to be the HNN extension of A∞ with respect to τ .
Clearly, W∞(A) is generated by A and τ . Hence if A is generated by a finite set SA,
then W∞(A) is also a finitely generated group and it is generated by SA, τ .
Construction of the induced map µW∞ . Consider a bijective map µ :A→ B such that
µ(eA) = eB (µ is not assumed to be a group homomorphism). We want to show that µ
defines a canonical bijective map µW∞ :W∞(A)→W∞(B).
In fact, consider maps µi :Ai → Bi that are defined recurrently. µ0 :A0 → B0 is
equal to µ and for any non-negative integer i the map µi+1 :Ai+1 → Bi+1 is defined
by µi+1((a, f )) = (µ(a),µi ◦ fµ−1). Here a ∈ A, f :A→ Ai is a function with finite
support and hence µ(a) ∈B and µi ◦ fµ−1 :B→Bi is a function with finite support.
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integer i . Now take w ∈ W∞(A). There exist a ∈ A∞ and N,M ∈ Z such that w =
τMaτ−MτN . We put µW∞(w)= τMµ∞(a)τ−MτN .
Lemma 6. The map µW∞ is well defined, that is it does not depend on a,M,N chosen.
Proof. Suppose that w = τMaτ−MτN = τ M˜ a˜τ−M˜τN . Suppose that M  M˜ and put
M ′ = M − M˜ . Note that a˜ = τM ′aτ−M ′ . Since the map µW∞ commutes with the
conjugation by τ we have
µ∞
(
τM
′
aτ−M ′
)= (τM ′µ∞(a)τ−M ′).
Consequently,
τMµ∞(a)τ−MτN = τ M˜µ∞(a˜)τ−M˜τN . ✷
In the next lemma we fix finite generating sets SA and SB for A and B and we consider
the canonical generating sets (SA, τ ) and (SB, τ ) for W∞(A) and W∞(B).
Lemma 7. Let µ :A→ B be a bijective map such that µ(eA)= eB .
(1) If µ is contracting, that is
dB
(
µ(a1),µ(a2)
)
 dA(a1, a2)
for any a1, a2 ∈A, then µW∞ is contracting,
dW∞(B)
(
µW∞(w1),µW∞(w2)
)
 dW∞(A)(w1,w2)
for any w1,w2 ∈W∞(A).
(2) If µ is an isometry, then µW∞ is an isometry.
(3) If µ is a bi-Lipschitz equivalence, then µW∞ is also a bi-Lipschitz equivalence.
(4) If A and B are bi-Lipschitz equivalent, then W∞(A) and W∞(B) are bi-Lipschitz
equivalent.
Proof. (1) First note that a bijective map µ :A→ B is contracting if and only if for any
x, y ∈A with dA(x, y)= 1 it holds dB(µ(x),µ(y))= 1.
Consider w1,w2 ∈W∞(A) such that
dW∞(A)(w1,w2)= 1.
There are two possibilities: it holds w2 = w1τ±1 or w2 = w1sA, where sA ∈ SA or
s−1A ∈ SA.
First case: w2 =w±11 . Then
µW∞(w2)= µW∞(w1)τ±1
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d
(
µW∞(w1),µW∞(w2)
)= 1.
Second case: w2 =w1sA, where sA is such that sA ∈ SA or s−1A ∈ SA.
There exist M,N ∈ Z and a ∈A∞ such that w1 = τMaτ−MτN . Since τA∞τ−1 ⊂A∞,
we can take a,M,N such that M <N . Put K =N −M . Note that
w1sA = τMaτ−MτNsA = τMaτN−MsAτ−(N−M)τ−MτN
= τM(aτKsAτ−K)τ−MτN .
We want to understand what happens with a ∈ A∞ when we multiply it by τKsAτ−K for
K > 0. Note that there exists i ∈ N such that a ∈ Ai . Take i ∈ N such that a ∈ Ai and
i > K . It is possible, since Ai ⊂Aj for i < j .
For a ∈Ai define xi, xi−1, . . . , x0 and fi, fi−1, . . . , f1, where xj ∈A for 0 j  i , and
fi :A→Ai−1 for 1 j  i in the following way. Since a ∈Ai =A Ai , there exist xi, fi
such that a = (xi, fi), xi ∈ A and fi :A→ Ai . Note that fi(xi) ∈ Ai−1 = A  Ai−2 and
hence fi(xi) = (xi−1, fi−1) and so on. We see that we can construct fj , xj such that for
each 2 j  i it holds fj (xj )= (xj−1, fj−1) and f1(x1)= x0 ∈A.
Below we use the following notation. For w = (y, f ) ∈Ai = A Ai−1 (here y ∈A and
f :A→Ai−1) and for any x ∈A we put w(x) to be equal to f (x).
Note that sA ∈A0 ⊂A∞ and hence τKsAτ−K ∈AK ⊂A∞.
Observe that multiplication by τKsAτ−K changes fk+1(xk+1) and does not change
anything else. Let f newk+1 be the new value of the corresponding function at xk+1.
Note also that
f newk+1 (xk+1)(eA)(eA) . . . (eA)= fk+1(xk+1)(eA)(eA) . . . (eA)sA
and that
f newk+1 (xk+1)(zk)(zk−1) . . . (z1)= fk+1(xk+1)(zk)(zk−1) . . . (z1)
where zj ∈A and zj = eA at least for some j .
Put
a′ = f newk+1 (xk+1)(eA)(eA) . . . (eA)
and
a′′ = fk+1(xk+1)(eA)(eA) . . . (eA).
Note that a′, a′′ ∈A and that dA(a′, a′′)= 1. Hence dB(µ(a′),µ(a′′))= 1. Consequently,
there exists sB ∈ SB (or s−1B ∈ SB ) such that µ(a′′)= µ(a′)sB . Similarly to the above we
see that then
µW∞(w1)= µW∞(w2)sB
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dW∞(B)
(
µW∞(w1),µW∞(w2)
)= 1.
This completes the proof of (1).
(2) follows from (1), since a bijective map is isometric if and only if both the map and
its inverse are contracting.
(3) Note that if µ is a bi-Lipschitz equivalence, then µ is bijective and there exist finite
generating sets S1A and S
1
B of A and B such that µ is contracting with respect to S
1
A and
S1B . Note also that there exist finite generating sets S
2
A and S
2
B of A and B such that µ
−1 is
contracting with respect to S2A and S2B . Applying (2) to µ, S1A and S1B and to µ−1, S2A and
S2B we prove the statement (3).
(4) follows from (3), since if A and B are bi-Lipschitz-equivalent, then we can choose
a bi-Lipschitz map µ :A→ B such that µ(eA)= eB . ✷
Lemma 8. If A contains an element of order p and B contains an element of order q then
A B has an element of order pq .
Proof. Suppose that a ∈ A has order p and b ∈ B has order q . Consider the function
f :A→ B such that f (a) = b and f (x) = eB for any x = a. Put w = (a, f ) ∈ A  B .
Suppose that wn = e. Note that wn = (an, g) for some g and hence an = eA. Therefore,
n is divisible by p and there exists m such that n = pm. Note that wp = (e, f˜ ), where
f˜ :A → B is such that f˜ (aj ) = b for 0  j < p and f˜ (x) = eB otherwise. Hence
e = wpm = (e, f˜ m) and this implies that m is divisible by q . Consequently, wpq = 1 and
this completes the proof of the lemma. ✷
Lemma 9. If A has torsion, then W∞(A) has torsion of unbounded order.
Proof. Suppose that A has an element of order p, where p is a positive integer. For the
proof of the lemma it suffices to note that for any positive i the group Ai is a subgroup
of W∞(A) and that Ai contains an element of order pi , as follows from the previous
lemma. ✷
Lemma 10. If G and H are commensurable up to finite kernels and G has torsion of
unbounded order, then H has torsion of unbounded order.
Proof. It is easy to check that if φ :A→B is a homomorphism with finite kernel and with
image of finite index in B , then A has torsion of unbounded order if and only if B has
torsion of unbounded order. This implies the statement of the lemma. ✷
Now we return to the proof of Theorem 3. Put A = Z and B = Z + pZ. It is easy to
see that A and B are bi-Lipschitz equivalent. Hence the statement (4) of Lemma 7 implies
that W∞(A) and W∞(B) are bi-Lipschitz equivalent. Note that W∞(A) is torsion-free,
but Lemma 9 implies that W∞(B) has torsion of unbounded order.
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